We construct perturbatively controlled non-Fermi liquids in 3+1 spacetime dimensions, using mild power-law translation breaking interactions. Our mechanism balances the leading tree level effects from such gradients against quantum effects from the interaction between the Fermi surface and a critical boson. We exhibit this in a model where finite density fermions interact with a scalar field via a Yukawa coupling of the form g(x) ∝ |x| κ . The approximate non-Fermi liquid behavior arises in the limit of small κ and persists over an exponentially large window of scales, being cut off by the regime where the coupling becomes large, or by superconducting instabilities. The translation breaking coupling introduces anisotropic deformations of the Fermi surface depending on the direction of the gradient. An extension of this mechanism to 2+1 dimensions could provide a strongly translation-breaking, but weakly coupled non-fermi liquid, something we leave for further work.
Introduction
Many modern condensed matter problems involve a combination of strong dynamics and finite density, making their study very interesting and also extremely challenging. An important goal is then to develop tools that can provide analytic insight on their underlying physics. One basic class of problems involves the so-called non-Fermi liquids, systems which are thought to have a Fermi surface but which exhibit thermodynamic and transport properties distinct from those which can be produced by weakly interacting fermions. One fruitful approach along these lines has been to identify special limits of parameters for which the physics is under analytic control, and then try to extend the analysis beyond the original range of applicability. Famous examples include the epsilon expansion and the large N limit.
In this work we present another mechanism that leads to controlled critical phases of potential relevance to condensed matter systems. The basic idea -developed in [1] for relativistic theories -is to deform a theory with a marginal coupling g by adding mild space or time dependence, g(x) = g 0 |x| κ , with κ a small number. Such dependence can be obtained physically by realizing the coupling g(x) as the background value of a field. Balancing the classically relevant scaling contribution |x| κ against quantum corrections can give rise to an approximate fixed point perturbatively in κ. This leads [1] to a variety of new critical phenomena: an analogue of the small-Wilson-Fisher fixed point in a physical (integer) dimensionality, new fixed points in four-dimensional gauge theories and various other examples in two-and three-dimensional field theories.
Our goal here is to extend this to systems at finite density, specifically the problem of controlling non-Fermi liquids. This problem is motivated by experimental results on materials such as high-T c superconductors, and it has been attacked in a variety of ways theoretically over the years. One important recent development was the realization [2] that the large-N flavor approximation does not control the problem because of certain infrared effects on the Fermi surface. Although one can obtain insight from further analysis of this strongly coupled system [4] , it is useful to approach the problem by introducing a new control parameter. In the works [5, 6, 7] , for example, a bosonic action non-analytic in momentum can be chosen in such a way as to produce a dynamical critical exponent z close to the value z c = 2 for which the coupling is marginal. Another parameter one can formally introduce is , a small deviation from integer dimensionality, in order to produce a nearly marginal classical coupling and obtain a weakly coupled fixed point analogous to the small-Wilson Fisher theory. With the aid of an additional expansion in large N one can extend this to a physical dimensionality with = 1 [8] . Such an expansion can be done in various ways, depending on which directions are affected by the shift in dimensionality [9] .
For small , this is a formal procedure (since the dimensionality is not an integer in that case). For small z − z c , the physical origin of the new parameter is also not completely clear, although it is fair to say that non-analytic effective actions can sometimes arise effectively, one example being at the infrared fixed point in three-dimensional (relativistic) QED [10] .
In this paper, we will introduce an arguably more physical control parameter, obtaining a nearly marginal coupling via a small translation breaking effect coming from spatially varying couplings which classically scale as a power ∼ |x| κ , κ 1. Our main result will be a non-Fermi liquid in 3 + 1 dimensions, perturbatively controlled in the presence of the small gradient parameter κ. Since the dimensionality of spacetime is integer, and the spatially varying coupling can in principle be obtained as a background profile of another field, this setup seems somewhat easier to obtain physically. Possible sources of translation breaking include defects and impurities found in materials. In any case, this provides a new method for approaching the problem, one which may tie into other aspects of translation-breaking effects in finite density field theory and condensed matter.
Non-Fermi liquid from spacetime dependent couplings
We will analyze the theory of a spherical Fermi surface interacting with critical bosons in 3 + 1 dimensions (3 spatial dimensions), with the following Euclidean action
The model has an SU (N ) global symmetry under which the fermions are in the fundamental representation and the boson is in the adjoint. In this first part of our analysis it will be convenient to take the large N limit, which simplifies some of the quantum corrections, by suppressing the backreaction of the fermions on the scalar sector or the generation of ψ interactions that could lead to instabilities. Later, in §3, we will incorporate finite N effects and argue that our conclusions are also valid away from the large N expansion. Furthermore, in order to obtain a nontrivial critical point for the boson, it will be enough to keep only one of the scalar quartic couplings, so in what follows we set ρ(x) = 0.
The couplings λ(x) and g(x), which are kept finite at large N , have a mild space-time dependence of the form
where 0 < κ i 1. The subindex '0' refers to bare couplings; we will shortly discuss how to define a renormalized theory at a scale µ, introducing physical dimensionless couplings that we will denote by λ and g. The couplings could depend on space, on time or on some isotropic or anisotropic combination; for now we use |x| to mean any of these possibilities, and below we will study in more detail the effects of isotropic or anisotropic gradients. In specific realizations of these gradients the exponents κ 1 and κ 2 may be related (for instance, in some models it is natural to have λ(x) ∼ g(x)
2 ), but for now we will keep them as arbitrary small numbers.
From [1], the purely bosonic theory with λ(x)φ 4 interaction, consisting of the first two terms in the above action, has an approximate scale-invariant fixed point with λ ∼ κ 1 /N 2 . The same is true for the full action (2.1) at large N , since in this limit quantum corrections from fermions are subleading. We will review this shortly in §2.2. On the other hand, we will find in §2.3 that the Yukawa interaction produces important modifications on the fermionic sector, leading to a non Fermi liquid under analytic control at small κ 2 . Before turning to this analysis, let us discuss the classical scalings of the theory.
Classical scaling analysis
The renormalization group analysis of interacting theories at finite density [11] is complicated by the fact that bosons and fermions have very different low energies degrees of freedomwhile the former have light excitations only near the origin of momentum space, the latter have a whole Fermi surface of low energy degrees of freedom. We regularize the theory using dimensional regularization, which is an efficient scheme particularly in multiloop calculations or for theories with gauge fields. In this approach one continues the integrals from four to D = 4 − dimensions (d = 3 − spatial dimensions), and then takes → 0. In a minimal subtraction scheme, we subtract pole contributions, which has the effect of replacing 1 → log
, where Λ U V,IR are related to the renormalization scale and the energy scale of a process. In a Wilsonian scheme, these scales correspond to the UV cutoff scale, and the scale down to which one integrates out shells of modes. We stress that the theory is always in a physical number D = 4 of dimensions: is used as a regulator that is taken to zero at the end of the calculation. As in [1], the nontrivial critical phenomena will come from the small κ effects.
An important aspect of the RG is that momenta of bosons and fermions are scaled differently. Here we will follow the scaling procedure recently discussed in [8] , where the former are scaled towards the origin, while the latter are scaled towards the Fermi surface. To see this in more detail, split the momenta into components that are perpendicular and parallel to a given unit vectorn normal to the spherical Fermi surface:
The low energy limit for fermions is k F = √ 2mµ F ;n describes angles tangential to the surface. For fermions only ω and the distance to the Fermi surface are scaled,
In particular, in this 'spherical' RG the fermion dispersion relation is ω = v , where v = k F /m. Bosons have the usual relativistic scaling of all momentum components
Given these scalings, the dimensions of the momentum-space fields near the free field theory limit are, in D = 4 − dimensions,
Finally, we come to the scaling of the spacetime dependent couplings. Since we may view λ(x) and g(x) as background values of additional bosonic fields, it is natural to scale the momentum dependence of the Fourier-transformed couplings as in (2.5). Doing so gives
, our analysis is valid in the exponentially large shaded spatial region shown above. The center point is the point towards which the spatial coordinates are scaling, which physically could represent a defect, impurity, or other point source in a material. An analogous picture holds for g(x) ∼ |µ 2 x 2 + y 2 | κ/2 or |µz| κ , with the central point replaced by a line or a plane respectively. 
Bosonic sector
Having specified the RG procedure and the scaling of fields, let us analyze the quantum effects from one-loop corrections first in the bosonic sector and then for fermions. As we discussed before, at large N the effects of fermions on the renormalization of the bosonic couplings is negligible. Therefore the scalar part of our theory is as in [1], leading to an approximate perturbative fixed point valid over a parametrically large window of scales. We now briefly review this mechanism, and refer the reader to that reference for more details.
The basic idea is that for for 0 < κ 1 1, the gradient gives the leading contribution to the classical running of the coupling, while its effects on the one loop corrections can be neglected over a wide range of scales
This can be seen most clearly from the one loop correction to the quartic coupling in position space (ignoring for now the index structure of the fields):
For small κ 1 the one loop correction is dominated by the UV region x − = x − x → 0 and in this limit the couplings are approximately independent of x − . Therefore the one loop correction is the same as in the theory with constant interactions. We also recall that at one loop there is no wavefunction renormalization, so the boson propagator reads
(2.10)
Furthermore, the mass is fine-tuned to vanish.
Let us introduce the renormalized dimensionless coupling λ, which is defined as the value of the scalar four-point function at the scale µ (after amputating the external legs):
Evaluating the one loop contribution (2.9) using dimensional regularization shows that the bare coupling has to be chosen to be (at leading order in 1/N )
so that the pole in 1/ cancels and (2.11) is obtained. Since the bare coupling is independent of the RG scale, this gives a beta function
which implies an approximate fixed point
in the limit → 0.
Fermionic sector
We now consider the quantum corrections to the Fermi surface from interactions with the approximate fixed point for the scalar. At one-loop order, the only new diagrams correspond to the correction to the fermion self-energy, because the Yukawa vertex correction and boson self-energy are suppressed by 1/N .
Let us first show that for small κ 2 the one loop answer is well-approximated by the translationally-invariant limit. Working in position space and summing the geometric series gives the one loop inverse propagator
F is the tree level fermion propagator,
and the one-loop fermion self-energy is given by
For small κ 2 the contribution of Σ to the effective action is dominated by x − → 0. This means that the couplings are approximately independent of x − and the answer is the same as in the translationally-invariant theory. As in [1], in order to understand the small-κ analogue of the small fixed point of [8] , at leading order in κ we will only need the translationally-invariant limit of the one-loop fermion self-energy.
We now describe in some detail the renormalization procedure in this theory, which is a bit more involved than in relativistic QFT. Focusing on the fermionic part of the theory, the bare Lagrangian is written in terms of renormalized couplings and fields, plus counterterms:
The fermion propagator has been linearized around the Fermi surface, and ∂ ⊥ is the derivative perpendicular to it. The bare and renormalized fields are related by ψ = Z 1/2 ψ ψ R and φ = Z 1/2 φ φ R (recall that at one loop Z φ = 1, so this factor will not enter the following analysis). The additional terms in (2.18) are the counterterms, defined as
Due to the breaking of Lorentz invariance, the time and spatial components of the kinetic term can renormalize independently, so we have allowed for the wavefunction counterterm δ Z as well as a renormalization of the Fermi velocity δ v .
Next we have to calculate the fermion two-point function at one loop using the renormalized Lagrangian (2.18). Summing the geometric series of corrections gives an inverse propagator
where the one-loop contribution Σ to the self-energy (iωδ
Here (2.21) is the Fourier transform of (2.17) in the limit of small κ 2 and
so that we can neglect the one-loop effects from gradients.
The calculation of the self-energy is somewhat involved and is shown explicitly in the Appendix; see also [8] . The result is
The extra terms not shown in Σ 0 are linear in ω and , and do not contain logs, so they do not contribute to the RG.
We are now ready to subtract the divergences and compute the beta functions. A convenient formal prescription is minimal subtraction, in which we simply subtract the pole contribution in (2.23). This fixes the counterterms
The renormalization of the Yukawa coupling is of order 1/N , so we will neglect it at large N . In this section, we will analyze our theory using the simplifications of large N , and thus set δ g = 0. Later we will relax this requirement and analyze the vertex correction and other finite N features of our system.
Finally, requiring that the bare couplings be independent of the RG scale gives the beta functions for the running couplings
These are the main results of our analysis, and now we will discuss their implications for the physical theory in 3 + 1 dimensions ( = 0).
The second and third equations in (2.27) give a coupled system for the RG evolution of v and g. The beta function β v implies that v decreases towards the IR. The beta function for g has two contributions: a tree-level term from the spacetime dependent coupling, which makes it relevant, and a quantum correction which tries to make g irrelevant. Solving this system of equations shows that there is a scale µ * at which the Fermi velocity vanishes and then stops running. Below this scale, β g admits a perturbative fixed point at At this approximate fixed point, the fermion acquires a nontrivial anomalous dimension controlled by κ 2 , Since v → 0 as we approach the critical point, the dependence on the momentum disappears and the fermion two-point function becomes
It exhibits non-Fermi liquid behavior, with = 0 and small κ 2 , in a controlled perturbative approximation scheme. It is possible that a higher order dependence in is generated by subleading quantum corrections, which would signal a transition to a theory with higher dynamical exponent z. Another intriguing possibility would be if all momentum dependence becomes irrelevant as we approach the fixed point, which would lead to a local quantum critical phase with correlation function (2.30). It will be very interesting to understand the fate of the momentum dependence in detail. 4 
Effect of gradients on the Fermi surface
So far we worked at the leading order in our small parameter κ 2 . This sufficed to exhibit nonFermi liquid behavior over a large range of scales; in particular, we computed a frequencydependent contribution to the fermion self energy going like ω log ω.
It is also interesting to consider the effect of spatial translation breaking on the geometry of the Fermi surface. The translation-breaking perturbation of the Hamiltonian changes the spectrum of Fermion levels in general. We will briefly explore that in this section. To be specific, let us consider a gradient in one spatial direction, labeled z, i.e.
We will denote the other spatial coordinates x ⊥ .
4 Consequences of v → 0 in models in d = 3 − dimensions are studied in [13] .
The fermionic excitations through one-loop order satisfy
with Σ the one-loop fermion self-energy in the homogeneous theory. Let us first Fourier transform this in the translationally-invariant τ, x ⊥ directions, giving
Without the one-loop correction Σ, we recover the usual Fermi surface, satisfying (2.33) with a momentum eigenstate ψ ω, k ⊥ (z) = e ikzz and k
With the translation-breaking deformation, it is simple to check that momentum eigenstates do not survive as solutions: again putting in the ansatz ψ ω, k ⊥ (z) = e ikzz we obtain (at
This can only be satisfied if the integral in the second term is either zero or proportional to 1/g(z). We can exclude this possibility as follows.
From (2.25) we find that Σ (the one-loop Fermion self-energy at the level of the homogeneous theory) depends only on the distance from the Fermi surface in momentum space, going like log . Let us again write k = ( k ⊥ , p z ) =n (k F + ) (with k Fn a point on the original Fermi surface and k F ). Then
The dependence of on p z depends on the direction of k F here. Ifn ∝ k ⊥ , i.e. orthogonal to the z direction, then is independent of p z In this direction, we recover the usual Fermi surface for = 0. In the case wheren points along the z direction, we have p z = k F + . The integral (2.35) becomes
The Fourier Transform of log | | is
Plugging this into the last integral in (2.34), we find a rich function of z, not zero or a result proportional to 1/g(z).
Thus, the original Fermi surface is modified by our inhomogeneous coupling. It cannot be described as a locus in momentum space, since the corrected Fermion energy eigenstates are not momentum eigenstates in the z direction. In the x ⊥ directions, they remain momentum eigenstates, so this modification of the Fermi surface (or more generally the space of Fermion ground states) is anisotropic. It would be interesting to understand if this could have any connection to Fermi surface anisotropies (such as hot and cold spots) in condensed matter physics.
Dynamics at finite N
In the previous section we argued that, at large N , the theory (2.1) leads to a non Fermi liquid interacting with a critical φ 4 scalar theory in 3 + 1 dimensions. These approximate critical phenomena arise from gradients (2.2) in the scalar and Yukawa couplings, and are valid over an exponentially large window of scales e −1/κ |µx| e 1/κ . The large N limit allowed us to obtain the fixed point in a simple way, by suppressing effects like the backreaction of fermions into the scalar sector. Now we will study the theory at finite N , which is important for trying to realize our mechanism in realistic systems.
Incorporating fermion backreaction
Let us first incorporate the effects of fermion quantum corrections on the scalar sector. They renormalize the scalar wavefunction but not the φ 4 vertex, which we now calculate.
In the limit of small κ 2 the one loop boson self-energy from the finite density fermions reduces to the translationally invariant result,
By power-counting we would naively expect Π ∼ 1/ at small (recall that d = 3 − ). However, the integral is actually finite as → 0; the reason is that for large enough k the two poles for ω are on the same side of the complex plane and the integral over ω vanishes. The final result is (see the Appendix for more details)
As → 0 we find a finite answer and no pole in -the fermion loop does not contribute to the anomalous dimension of the boson. Nevertheless, the finite contribution is nontrivial: it is the familiar Landau damping term (usually calculated in the patch description), now evaluated in the 'spherical' RG towards the Fermi surface. At small frequency and momenta and fixed v, (3.2) is more relevant than the tree level kinetic term. This means that the Wilson-Fisher type fixed point is a good approximation over a finite range of energy and momenta, outside of which quantum corrections to the kinetic term cannot be neglected. However, as first noted in [13] , the running of the velocity v → 0 that we found before becomes important here. Indeed, at fixed frequency and momenta but small v, the Landau damping contribution behaves as
Therefore, if the scale at which (3.2) becomes important is smaller than the RG scale at which the velocity reaches its fixed point v = 0, the corrections from Landau damping to the critical scalar will be negligible. This can be accomplished by a suitable choice of boundary conditions for the couplings λ 0 and g 0 .
The remaining effect of fermions is the box diagram that renormalizes the φ 4 coupling. For vanishing external momenta, this contribution is given by
The integral is convergent in dimensional regularization and is calculated explicitly in the Appendix, with the result that Γ (4) → 0 as p i → 0. This correction corresponds to an irrelevant operator and can be safely neglected at low energies.
We conclude that the approximate critical theory for the scalar field survives at finite N . The fixed point is valid up to the scale where Landau damping becomes relevant. Furthermore, for appropriate choices of the UV couplings the fermion speed reaches v = 0 before the Landau damping scale, and then the fixed point is valid over the original exponential window (2.8).
Effects on the non Fermi liquid
At finite N there are two types of quantum corrections that could affect the non Fermi liquid.
First, the bosons mediate a ψ 4 interaction which is attractive and induces a Cooper pairing instability. Since the theory is perturbative, the superconducting gap ∆ is exponentially small in the ψ 4 coupling, as in Fermi liquid theory. This destroys the non Fermi liquid phase at a scale that is exponentially small in the Yukawa coupling.
5 A superconducting instability may also be a feature instead of a problem, since many materials that display non Fermi liquid behavior also become superconducting at small temperatures.
Secondly, at finite N we need to take into account corrections to the Yukawa vertex φψψ, which we will denote by Γ (3) . Let us set N = 1 for now, and we will determine the appropriate group theory factors below. Expanding in 1/k F , the three-point function with incoming fermion momentum k and outgoing boson momentum q is
Fortunately we will not need to evaluate this integral explicitly, because for q 0 = q ⊥ = 0 it can be related to the integral for the fermion self-energy:
We should note that, similarly to what was observed for Γ (4) in the Appendix, the limits q 0 → 0 and q ⊥ → 0 do not commute. Here by (3.6) we mean q ⊥ → 0 first and q 0 is kept finite for the evaluation of the loop integral (3.6). In a theory with a gauge field instead of a scalar boson, this order of limits turns out to be required by the gauge theory Ward identity [14] .
Going back to the renormalized action (2.18), the divergent vertex (3.6) means that at finite N we also need a nonzero counterterm δ g = δ Z . Note that for the simple example of a single scalar interacting with a fermion (N = 1), the one loop contributions of δ g and δ Z to the beta function of g [Eq. (2.27)] precisely cancel, 6 obtaining
and γ φ = 0 at one loop. In this case we have a non Fermi liquid which is no longer critical, because the Yukawa coupling is classically relevant and its beta function is nonzero along the flow.
Next, let us consider a model with an SU (N ) global symmetry, with ψ in the fundamental and φ in the adjoint representations. Denote the generators of SU (N ) in the fundamental representation by T a , normalized to tr(T a T b ) = δ ab . 7 The fermion self-energy is now proportional to
, while the group-theoretic factor for the vertex is
The counterterms then read
Plugging these results into the expressions for the anomalous dimension and beta functions gives
which extend (2.27) to finite N . In particular, in the abelian case C 2 (adj) = 0, and we recover the cancellation between δ Z and δ g in the beta function.
At finite N we then find a critical non Fermi liquid described by v → 0, a perturbative fixed point for the Yukawa interaction
(which is the same as in the large N limit), and an anomalous dimension for the fermion
Conclusions
In this work we have shown that mild spacetime dependent gradients can lead to perturbatively controlled non-Fermi liquids in 3 + 1 spacetime dimensions. The theory contains nonrelativistic fermions at finite density interacting with a critical boson via a Yukawa coupling, g(x)φψ † ψ. The non-Fermi liquid behavior is obtained by balancing the classical spacetime dependence of g(x) = g 0 |x| κ (with 0 < κ 1) against one loop effects, and it is valid over an exponentially large but finite range of scales. We also exhibited an approximate fixed point for the boson by adding a λ(x)φ 4 self-interaction with a similar type of gradient, as in [1] . At one loop the running of the Yukawa and φ 4 couplings are independent -in particular, the finite density fermions do not contribute to β λ . A special and simpler case of our mechanism is then λ(x) = 0, for which there is still a non-Fermi liquid behavior induced by the Yukawa interaction alone.
An important direction of research would be to understand whether gradients can provide control in 2 + 1 dimensions, where the theory of a critical boson interacting with a Fermi surface is believed to be responsible for the non-Fermi liquid behavior observed in strongly correlated materials. It is still possible to introduce translation breaking so as to render the Yukawa coupling nearly marginal classically, but in 2+1 dimensions this would require order one values of κ, going beyond the perturbative treatment of the translation breaking that we have used in this paper. Such a regime of strong translation breaking may still be consistent with weak Yukawa coupling, as some preliminary analysis suggests [16] . It would be interesting to relate this to other work such as [17] classifying the low energy behavior of translation breaking effects.
Another possibility would be to try to combine the effects of gradients and the large N expansion in order to obtain a controlled non-Fermi liquid in 2+1 dimensions. In particular, one could try to use spacetime dependent couplings to suppress the effects found in [3] that invalidate the large N limit of [15] . Finally, given the very minimal matter content of the theory, it would be interesting to think about possible experimental realizations of our mechanism. Office of Science Graduate Fellowship Program. This research program was made possible in part by the National Science Foundation under grant PHY-0756174, by the Department of Energy under contract DE-AC03-76SF00515, and by readers like you.
A One loop calculations in dimensional regularization
A.1 Fermion self-energy The calculation of the fermion self-energy at finite density is somewhat involved, and the form of the finite terms is important for the RG of the theory. So in this Appendix we perform explicitly this calculation (using dimensional regularization) and reproduce the results in [8] , up to a typo in a relative sign. We give the result to leading order in /k F .
The integral is:
We first do the k integral, whose general form is:
where
is the area of a (d − 1)-sphere. This gives us, in terms of
The required integral now is:
We can shift ω → ω − ω e x and → − v 2 e (xv 2 +c 2 (1−x))
x to complete the square in the denominator:
We can discard the ω and terms in the numerator, because the denominator is even in both:
The general integral we need is:
Then, we have:
Inserting this result into Σ, we arrive to
x /2 (A.9) Expanding in gives
Evaluating the integral in the last line gives
(c e − iω e ) log c e − iω e cµ −(c − v) (c e + iω e ) log c e + iω e cµ + {2c (v e − iω e ) − (c + v) (c e − iω e )} log (c)
The one-loop boson self-energy with finite density fermions running in the loop is given by
Integrating over ω using residues gives
The Heaviside function comes from requiring that the two poles be on opposite sides of the real axis.
Note that the step function makes the integral convergent, so we can set d = 3, and it is enough to expand around the Fermi surface, This indeed vanishes when we hold p 0 finite as we take | p| → 0. However, we cannot check the other limit, because the p 0 derivative demands that we hold p 0 finite. In fact, when one naively takes p 0 → 0 before p → 0, this diverges. Hence, we will need to compute this correction directly and resolve the ambiguity of limits.
The diagram at arbitrary external momentum is given by: .17) where the external momenta p, q − p, r − q, −r are all taken much less than k F . Noting that the integral will be dominated by k close to the Fermi surface, set k =n (k F + ) and expand
− µ F ≈ v ( +n · q):
After evaluating the ω contour integral, the integral is finite, and we obtain:
where "cyc." denotes cyclic permutations of p, q, r.
Now, setting p = q = r = 0 while keeping p 0 , q 0 , r 0 constant, the integrand is trivially zero, confirming our result above. In addition, setting p 0 = q 0 = r 0 = 0 while keeping p, q, r constant, the cyclic sum is zero: 
